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Trailing-Edge Noise Prediction Using Large-Eddy Simulation
and Acoustic Analogy
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The � ltered Navier–Stokes equations are used to perform the large-eddy simulation of the unsteady incompress-
ible � ow around the blunt trailing edge of a thick � at plate. The computed � ow exhibits a three-dimensional vortex
shedding mechanism. The frequency domain of this mechanism is in agreement with experiments and theory. In
that frequency domain normalized wall-pressure levels are favorablycompared to spectra measured at the blunted
trailing edge of an airfoil. The far-� eld radiated noise is � rst computed via Curle’s formulation, the solution of
Lighthill’s equation for � ows embedding solid bodies. Then the theory developed by Ffowcs Williams and Hall is
considered. This formulation expresses the noise generated by turbulence passing over the edge of an in� nite half-
plane. The suitability of this theory to the case for a thick plate is discussed. The normalized spectra of the radiated
noise predicted by both methods are compared, in the frequency domain of the vortex-shedding mechanism, to
airfoil noise measurements in an anechoic facility.

Nomenclature
C f = wall friction coef� cient
c = speed of sound
f = force per unit area exerted on the � uid by solid

surfaces (components fi )
G(x j y, x ) = acoustic Green’s function: radiated noise at the

observation point x caused by a harmonic
monopole at the point source y

H = trailing-edge thickness
k = acoustic wave number x /c
m = subgrid-scale stress tensor
p = instantaneouspressure
p̄ = instantaneous� ltered normalized pressure, p/ q U 2

1
q = � uctuating kinetic energy
R = distance between the observation point x

and the point source y
ReH = Reynolds number, U 1 H / m
tw = wake thickness, H + 2 d ¤

U = mean � uid velocity
U 1 = external velocity
u = instantaneous � uid velocity
ū = instantaneous � ltered normalized velocity
u s = friction velocity, U 1

p
(C f /2)

u + , z+ = wall units, u /u s and zu s / m , respectively
¯D = characteristic length scale of the grid � lter

( D x D y D z)1/ 3

d = boundary-layer thickness
d (x) = spatial Dirac function
d ¤ = boundary-layerdisplacement thickness
h = boundary-layermomentum thickness
l = dynamic � uid viscosity
m = kinematic � uid viscosity, l / q
m SM = subgrid-scaleviscosity
P = modi� ed pressure, p̄ + 1

3
mkk I

q = density
x = frequency
h i = time average

I. Introduction

T HIS numerical study is related to the general topic of airframe
noise reduction. The engine noise and the aerodynamic noise
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of large airliners in landing con� guration are now of the same or-
der of magnitude. The aerodynamic noise is mostly generated by
aeroacoustic sources such as landing gear and high-lift devices. In
this context trailing-edge noise appears as one of the fundamental
aeroacousticmechanism for which there exists a strong demand for
reliable prediction tools.

Trailing-edge noise can have different origins. On a rigid airfoil
with a sharp trailing edge, acoustic diffraction of the turbulence
passing the trailing edge generatesbroadbandnoise. In the case of a
blunt trailing edge, the vortex-sheddingmechanism adds a narrow-
band frequency noise. Moreover, both mechanisms may contribute
to the vibrationsof a � exible airfoil, with the consequencesof radi-
ated noise and structural fatigue.

Modeling of these mechanisms has received considerable atten-
tion in thepast: a complete reviewof the existingmodels for trailing-
edge noise was given by Howe,1 and the noise radiated by airfoils
with both sharp and bluff trailing edges was extensively studied
by Brooks and Hodgson2 and Garcia.3 However, practical use of
these models has long been limited by the considerable dif� culty
of providing them with reliable and comprehensive data describ-
ing turbulent � ows, such as � uid velocity and wall-pressure � uc-
tuations. The continuing progress of computational � uid dynam-
ics techniques and computer performance makes such information
readilyaccessible,allowing the rapiddevelopmentof computational
aeroacoustics (CAA).

Complete simultaneousnumerical computationof both near-� eld
turbulent � ow and far-� eld radiated noise requires computer capa-
bilities so far unavailable. Such computations are still limited to
very simple two-dimensionalgeometries4 , 5 but are very helpful for
understanding physical mechanisms and validating more practical
hybrid methods in which the near-� eld � ow and the far-� eld noise
are computed separately. Tam6 and Lele7 have recently given re-
views of such methods including Kirchhoff surface8 and acoustic
analogy.9 – 12

In the presentwork a hybrid method combining large-eddysimu-
lation (LES) and Lighthill’s acoustic analogy13 , 14 is used to predict
the noise radiated by the blunt trailing edge of a � at plate.15, 16

The paper � rst describes the LES of the incompressible � ow
computed using the PEGASE code developed at ONERA. Then
the resulting aerodynamic data are analyzed and compared to the
theoretical featuresof such � ows and to experimentaldata collected
by ONERA on the trailing edge of an airfoil in an anechoic wind
tunnel.3

Curle’s formulation17 is then numericallyapplied to the LES data.
This formulation is an extension of the general free-� eld solutionof
Lighthill’s equationto � ows aroundsolidbodies.The radiatedsound
is obtained by a quadrupolar volume integration and a dipolar sur-
face integration.Then, the theorydevelopedbyFfowcsWilliamsand
Hall18 is considered.This formulation provides the noise generated
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by turbulence passing over the edge of an in� nite half-plane. The
suitability of this formulation for the case of a thick plate is dis-
cussed.

The normalized spectra of the radiated noise predicted by both
methods are compared, in the frequencydomain of vortex-shedding
mechanism to airfoil noise measurements performedby NASA in a
quiet � ow facility.2

II. LES
LES is performed with the PEGASE code developed at ONERA

to compute transitional and separated � ows.19, 20 Results already
obtained with this code have shown that LES may be interesting for
predicting the unsteady features of such � ows.

A. Governing Equations
The � ltered Navier–Stokes equations of an incompressible � uid

are used. Considering the skew-symmetric form of the convection
terms, the equations for the grid � lter quantities ū and P can be
written as

@ū
@t

+
1

2
[r ¢ (ū ­ ū) + ū ¢ r ū] = ¡ r P +

1
Re

r 2ū ¡ r ¢ m (1)

r ¢ ū = 0 (2)

where m =u ­ u ¡ ū ­ ū is the subgrid-scaletensor. The modi� ed
pressure Poisson equation is obtained by taking the divergence of
Eq. (1):

¡ r 2 P =
@( r ¢ ū)

@t
+ r ¢ r ¢ (ū ­ ū) + r ¢ r ¢ m (3)

B. Subgrid-Scale Model
The subgrid-scale (SGS) tensor model is achieved in the usual

way by using a gradient diffusion hypothesis:

m = ¡ m SM( r ū + r T ū) (4)

The subgrid-scaleviscosity m SM of this model is computed using
the mixed scale model (MSM), developed at ONERA in collabora-
tion with the Laboratoire d’Informatique pour la Mécanique et les
Sciences de l’Ingénieur (LIMSI)21:

m SM = CM ( j r £ ū j )
1
2 q

1
4 ¯D

3
2 (5)

where the kinetic energy q at the cutoff frequency is approximated
by thekineticenergyof a test � eld (ū) 0 =ū ¡ ˆ̄u, correspondingto the
highest resolved frequencies. In practice,ˆ denotes a test � lter with
a characteristic cutoff length scale equal to 2 ¯D . That contribution
of the highest resolved frequencies to the subgrid viscosity ensures
that the model will return a zero SGS viscosity when the � ow is
fully resolved and will vanish automatically in the viscous sublayer
of boundary layers. In the present work CM =0.1.

C. Numerical Procedure
The governing equations are solved on a nonstaggered grid

with a second-order accurate hybrid � nite difference/� nite element
method. Time integration is performed with a second-order accu-
rate semi-implicit Adams–Bashforth/Crank–Nicolson scheme. De-
tails of the basic method and validation benchmarks are given in
Ref. 22. The terms arising from the SGS model were discretized
in conservative form with centered coupling second-order accurate
27-point stencil schemes. The modi� ed pressure is calculated from
Eq. (3) by a Jacobi-preconditioned Bi-CGSTAB iterativemethod.23

The computationdomain shown in Fig. 1 is a rectangulardomain
embedding the trailing edge of an in� nite � at plate of thickness
H . To minimize the in� uence of boundary conditions, a large com-
putational domain is used. The part of the � at plate included in the
computationaldomain is 10H long in the streamwise direction.The
downstream boundary is located 20H away from the trailing edge,
and the upper and lower boundaries are 20H away from the plate.
These values are greater than those generally used for the LES of
wakes downstream of bluff bodies.24 The size of the domain in the
spanwise direction is set to 5H . The resulting size of the computa-
tional domain is 30H £ 5H £ 40H .

Fig. 1 Computation domain.

The simulation described here is performed on a nonuniform
Cartesiangrid.The horizontalplane z =0 is a planeof symmetry, so
that the following grid description only concerns the half-domain
z > 0. In the spanwise direction y the grid cells have a constant
size D y / H =0.1. In any (x , z) plane the four smallest cells, which
dimensions are D x / H = D z / H =0.02, are adjacent to the plate’s
corner (x / H =0, z / H =0.5). With this arrangementthe grid points
nearest to the walls are located at a distance D x + = D z + ¼ 1 (in
wall units) from the plate, which makes it realistic to use a no-slip
boundary condition, and allows the SGS model to vanish automati-
cally at the wall, without an extra wall-damping function. From the
plate’s corner the grid is streched in the streamwise (upstream and
downstream) direction x with a grid-stretchingcoef� cient equal to
1.05 and in the transverse (up and down) direction z with a grid-
stretching coef� cient equal to 1.06. In both directions the ratio be-
tween the largestand the smallestcell sizes is equal to 57. The whole
grid contains 161 points in x, 51 points in y, and 201 points in z,
representing a total of 1.65 £ 106 points.

The concept of grid convergence of the results, if well de-
� ned fordirect numericalsimulation(DNS) and Reynolds-averaged
Navier–Stokes (RANS), is more problematic for LES because the
� ltering length scale is directly linked to the computational grid
throughDeardorff’s formulas ¯D =( D x D y D z)1/ 3. The natural grid-
converged limit is then the DNS result.

The ReynoldsnumberReH , basedon the maximal in� ow velocity
and the plate thickness, is set equal to 1000.

A steady velocity � eld is imposed on the in� ow boundary
(x / H = ¡ 10). The prescribed velocity � eld is obtained by super-
imposing 1) a boundary-layer pro� le for the streamwise velocity
and 2) a three-dimensional perturbation, which is used to promote
the onset of three-dimensionalmodes in the wake.

1) The streamwise velocity pro� le results from a DNS of the tur-
bulent boundary layer (TBL) on a � at plate computed by Spalart.25

The Reynolds numbersbased on the TBL displacementthickness d ¤

and momentum thickness h are Red ¤ =2000 and Re h =1410. The
boundary-layer thickness is d ¼ 7.2d ¤ , and the friction coef� cient
is C f =0.0413. This pro� le is presented in wall units U +

x = f (z+ )
in Fig. 2. On the logarithmic plot the pro� le is compared to the
theoretical law-of-the-wallU +

x =z+ in the range 0 < z+ < 10 and a
logarithmic law in the range 10 < z+ < 300.

2) To generate realistic spanwise modes in the wake, three-
dimensionalvorticalperturbationsare imposedon the in� ow bound-
ary. By using hydrogen-bubbleinjection Smith and Schwartz26 ob-
served contrarotating vortices in TBLs with Reynolds numbers
in the range 1000 < Re h < 2200. In their simulations Wakarami
and Pollard27 used such vortices as a model of coherent struc-
tures. In the present simulation a model of longitudinal viscous
vortex is used, in which the tangential velocity is de� ned by
u +

T =( C + / r + )[1 ¡ e ¡ a (r + / a+ )2
] where, in wall units, r + is the radial
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Fig.2 Streamwisemeanvelocitypro� le injected at the in� ow boundary
(x/H = ¡ ¡ 10) (from Ref. 25).

distance in the yz plane from the vortex center, C + = C / 2p m is the
vortex circulationwith j C + j =22, a+ =15 is the vortex core radius,
and a =1.26. One such vortex is centered at z+ =30 (z / H =0.66)
and y+ =62.5 (y / H =1.37) with negative C + . Three more vortices
are constructed by a double symmetry through the vertical plane
y =0 and the horizontal plane z =0.

A no-slip condition is applied on the solid wall surface. The � ow
is assumed to be periodic in the spanwise direction. On the other
boundaries a zero-stress-likeout� ow condition is used, which was
demonstrated to be ef� cient for separated � ows.28

To ensure the time accuracy of the results, the normalized time
step D tU 1 / H is taken equal to 0.01, corresponding to 2000 time
stepsper vortex-sheddingcycle.Duringan initialphaseof 4000time
steps, the computationcorresponds to a DNS, the SGS model being
disabled.At this time the � ow is stationaryand symmetrical through
the plane z =0. Then a perturbation of the velocity component u z

with an amplitude equal to U 1 is imposed at one grid point during
a single time step to onset the nonstationarityof the � ow. An initial
phase of 15,000 time steps was necessary before the � ow was fully
developed. The computation was then performed over 50,000 time
steps, or a normalized time of 500, approximatively equal to 25
periodsof trailing-edgevortex shedding.The total computationcost
was 400 CPU h on a Cray YMP computer.The storagedomainswere
selected with regard to the requirements of acoustic computations:

1) Wall-pressure � uctuations on the lower and upper plate sides
near the trailingedge ( ¡ 3 ·x / H ·0)andon the blunt trailingedge.

2) Velocity component� uctuations in a cubic volume embedding
the trailing edge ( ¡ 2.5 ·x / H, y / H, z / H ·+2.5).

III. Analysis of Aerodynamic Data
A. Velocity Field

Figure 3 compares the initial mean velocity pro� le Ux / U 1 at
the in� ow boundary(x / H = ¡ 10) to pro� les (averaged in the span-
wise direction) observedat four streamwisestationsnear the trailing
edge (x / H = ¡ 2.6, ¡ 1.8, ¡ 1.0, ¡ 0.2). This plot indicates that the
mean � ow remains basically unaffected, except very close to the
trailing edge, where the vortex sheddinghas strong effects. Figure 3
also plots turbulenceintensitypro� les

p
h u2

x i / U 1 ,
p

h u2
y i / U 1 , andp

h u2
z i / U 1 at the same stations (x / H = ¡ 2.6, ¡ 1.8, ¡ 1.0, ¡ 0.2)

and averaged in the spanwise direction. These turbulence intensity
pro� les are compared to those resulting from Spalart’s computation
of a fully developed TBL at Re h =1410. This comparison shows
that, except very close to the plate’s trailing edge (x / H = ¡ 0.2),
the turbulenceintensityof the computed� ow remainsmuch smaller
than typical values encountered in TBLs: these results con� rm that
the computed � ow remains laminar on the whole length of the � at
plate. Very close to the trailing edge, the backward-facingstep gen-
erates turbulence and vortex shedding, leading to a sudden growth

a)

b)

c)

d)

Fig. 3 Evolution of a) mean velocity pro� le and b)
p h h u2

x i i /U 1 , c)p h h u2
y i i /U 1 , and d)

p h h u2
z i i /U 1 turbulence intensity pro� les from the

in� ow boundary (x/H = ¡¡ 10) up to the trailing edge (x/H = ¡ ¡ 0:2): com-
parison of LES results to typical values in a fully developed TBL.25
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Fig. 4 Isocontours of the instantaneous spanwise vorticity !y (——,
!y >0, and - - - -, !y < 0): t = 320 H/U 1 .

Fig. 5 Isocontours of the instantaneous vorticity !x (——, !x >0, and
- - - -, !x < 0): t = 320 H/U 1 .

of the turbulence intensities.A direct consequenceof this feature is
that the wall pressureand � uid velocity � uctuationsaround the trail-
ing edge are entirely generated by the vortex-sheddingmechanism,
without any contribution from the laminar boundary layer.

Figure 4 shows isocontoursof the instantaneousspanwise vortic-
ity x y around the trailing edge at time 320H / U 1 in the xz section
located at y / H = ¡ 1 (top) and y / H =+1 (bottom). Small struc-
tures are exhibitednear the plate’s corners, becauseof the transition
of the shear layers issuingfrom the corners,and just behind the trail-
ing edge. Larger structures are shed from the trailing edge, as seen
in the y / H = +1 section, which contribute to the vortex-shedding
mechanism. In his uni� ed theory of trailing-edgenoise, Howe1 em-
phasizes that this vorticitycomponent x y (parallel to the edge of the
plate) mainly contributes to the radiated noise, which is con� rmed
by the Ffowcs Williams–Hall theory recalled hereafter.

Figure 5 shows isocontoursof the instantaneousstreamwise vor-
ticity x x in the trailing-edge wake at the same time as in the yz
section located at x / H =0.5 (top) and x / H =1 (bottom). These
plots show the strongly three-dimensional behavior of the � ow in

Fig.6 Time history (top)andfrequency spectra (bottom)of thestream-
wise velocity component in the wake at positions x/H = 0:4, y/H = 0, and
z/H = §§ 0:4.

the wake, which consists of small structures (see the x / H =0.5
view) stretched downstream (see the x / H =1 view) with alternat-
ing vorticity sign.

Figure 6 (top) shows the time history of the streamwise ve-
locity component in the wake just behind the trailing edge
(x / H =0.5, y / H =0, z / H = §0.4), exhibiting a normalized peri-
odicity T U 1 / H ¼ 20 or a normalized frequency f H / U 1 ¼ 0.05,
as con� rmed by the frequency spectra of these signals shown
in the same � gure (bottom). This frequency corresponds to a
Strouhal number f tw / U 1 ¼ 0.25 (based on the wake thickness
tw = H + 2d ¤ ), in agreement with the experimental literature on
trailing-edgevortex shedding.2,3,29 The alternating vortex shedding
is demonstrated by the phase opposition between the two signals
(z / H = §0.4) in Fig. 6 (top).

B. Wall-Pressure Field
Figure 7 (top) shows the time history of the wall pressure on

the lower and upper sides of the plate at x / H = ¡ 1, i.e., at a dis-
tance H upstream of the trailing edge and at the spanwise location
y / H =+1. As alreadymentioned for velocity� uctuations,this plot
demonstrates a phase opposition between the opposite sides of the
plate, resulting from alternating vortex shedding in the wake.

Figure 7 (bottom) shows single-pointwall-pressurespectra at � ve
streamwise locations (x / H = ¡ 3, ¡ 2, ¡ 1, ¡ 0.5, 0) along the axis
(y / H =0) of the upper side of the plate. These spectra clearly ex-
hibit maxima around f H / U 1 =0.05, and their amplitudes rapidly
decrease in the upstream direction.

Figure 8 shows the streamwise variation of the normalized rms
wallpressure h p2 i / ( q U 2

1 )2 , averagedin thespanwisedirection.This
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Fig. 7 Wall pressure � uctuations. Top: time history on both sides of
the plate at x/H = ¡¡ 1 and y/H = ++ 1. Bottom: spectra at � ve streamwise
locations along the axis (y/H = 0) of the lower side of the plate.

Fig. 8 Streamwise variation of the normalized rms wall-pressure � uc-
tuations h h p2 i i /(½U2

1 )2, averaged in the spanwise direction, with respect
to the distance x/H from trailing edge. Comparison to Blake’s x( ¡ ¡ 1/2)

law29 and to a typical value ( ¼ 3 £ £ 10¡ ¡ 5) observed beneath a � at plate
TBL of any thickness.

Fig. 9 Comparison of wall-pressure spectra near the trailing edge: 1)
numerical estimation from LES on both sides of the � at plate, and 2)
measurements on a NACA 12 airfoil with sharp and blunted trailing
edges at various wind velocities (60–97 m/s) (from Ref. 3).

quantityis foundto decreaseas the inversesquarerootof thedistance
from the trailing edge, as was already observed experimentally,3

and also predicted by a theoretical model developed by Blake29

usingconformalmappingof a simpli� edvortexstreetsystembehind
a semi-in� nite plane. If the upstream boundary layer were fully
turbulent, h p2 i / ( q U 2

1 )2 would converge (in the upstream direction)
to a typical value (¼ 10 ¡ 5 ) commonly observed beneath a � at-plate
TBL of any thickness.For example,in hisDNS of a fully developped
TBL at Re h =1410, Spalart found h p2 i / ( q U 2

1 )2 ¼ 3 £ 10 ¡ 5 (see
Fig. 14 in Ref. 25). This level is schematicallydisplayedon Fig. 8 as
a dashed line, showing that the wall-pressure � uctuations induced
by vortex shedding would exceed the � uctuations induced by the
TBL only in a very narrow region (0 < x / H < 1) in the vicinity of
the trailing edge.

Figure 9 presents wall-pressure spectra measured near the trail-
ing edge of a NACA12 airfoil (chord: 0.5 m, span: 3 m) in the
open jet (diameter: 2 m) of the ONERA’s CEPRA 19 anechoicwind
tunnel.3 The airfoil trailing edge was equipped with a spanwise ar-
ray of 9 pinhole transducers having a diameter of 1 mm, spaced
3 mm apart. The whole array was located 3 mm from the trailing
edge. This instrumentedarea (covering a spanwise length of 0.1 m)
was equipped with either a sharp or a blunted trailing edge (H =
2.5 mm). The Reynolds number ReH was around 104. The spectra
shown in Fig. 9 were measured with both sharp and blunted trail-
ing edges at wind velocities 60, 70, 80, and 97 m/s, by averaging
the spectra of the nine transducers. The normalization involving
the variables U 1 and tw provides a good collapse of the spectra
measured at various wind velocities.These results clearly show the
bluntness effect, with a bump rising at the normalized vortex shed-
ding frequency f tw / U 1 .

The pressure � uctuations measured by the transducers were nu-
merically simulated by averaging the wall pressure computed by
LES in the area coveredby the transducer.The correspondingspec-
tra obtained on both sides of the plate are compared to measured
spectra in Fig. 9. They are in good agreement with experimental
spectra in the frequency region of the vortex shedding.Outside this
frequencyband the experimental spectra are dominated by the TBL
pressure � uctuations, which are absent from the LES results, be-
cause of the steady in� ow condition.

IV. Radiated Noise
A. Experimental Reference

Numerical simulations have limited intrinsic interest without
qualitativeand/or quantitativereference,and so it appearedessential
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to confront the following numerical noise prediction with experi-
mental data. Such a confrontation only aims at providing a rough
qualitative and quantitative evaluation of the noise levels and fre-
quency bands exhibited by the numerical approach.

The ONERA airfoil noise experimentjust describedwas not suit-
able to this purposebecause, in this experiment, the spanwise extent
of the airfoil blunted trailing edgewas only 0.1 m, or less than 5% of
the entire airfoil span immersed in the � ow, and, as a consequence,
the noise radiated in the far � eld by the blunt trailing edge did not
signi� cantly differ from the broadband noise emitted by the sharp
trailing edge.

Anotherairfoil noise experimentwas conductedin 1980at NASA
in a quiet � ow facility.2 In this experimenta NACA 0012airfoilwith
a 0.6-mchordand a 0.46-mspanwas successivelyequippedwith full
spansharpandblunted(H =2.5mm)trailingedges.Figure10(from
Ref. 2) presents noise spectra measured with the airfoil equipped
with either the sharp or the blunted trailing edge. The bluntness
effect is clearly demonstrated, with a bump at the vortex-shedding
frequency emerging up to 10 dB above the broadband spectrum.
This result suggests that this experiment is particularly well suited
to the validation of a vortex-sheddingnoise prediction.

B. Parameters of the Predictions
The following formulations are written with dimensional vari-

ables but were actually used in similar normalized forms obtained
by scaling the space variables by H , the velocity by U 1 , the fre-
quency by U 1 / H (or U 1 / tw ), and the pressure by the dynamic
pressure q U 2

1 . To compare the measured data with the numerical
predictions, these are normalized in the same way using q U 2

1 and
the Strouhal number f tw / U 1 . In the numerical prediction the lo-
cation of the � eld point x with respect to the plate’s trailing edge
corresponds to the position of the microphone used to obtain the
experimental spectra presented in Fig. 10 (distance R =1.2 m or
R / H =480 from the trailing edge in a direction normal to the air-
foil). Furthermore, because of the limited spanwise extent of the
LES computation domain (5H ), the � ow around the whole span of
the tested airfoil (0.46 m or 184H ) is arti� cially generatedusing the
spanwise periodicity of the computed velocity � eld.

C. Lighthill Acoustic Analogy
Lighthill13,14 rewrote the completeNavier–Stokes equationsfor a

compressible viscous � ow in a wave-equationform suitable for es-
timation of the noise radiatedby any quadrupoledistribution q u i u j .
The Helmholtz (harmonic) form of this equation is

D p ¤ + k2 p ¤ = ¡
³

@2( q u i u j )
@yi @y j

¤́

(6)

where ¤ denotes the generalized time Fourier transform:

f ¤ ( x ) =
1

2p

Z + 1

¡ 1
f (t )e ¡ i x t dt

Without any re� ecting surfaces, as in the case of an open jet, the
general exact solution of this equation can be expressed as

Fig. 10 NASA NACA12 airfoil trailing-edge noise measurements at
wind velocity of 69.5 m/s for sharp and blunted (H = 2:5 mm) trailing
edges (from Ref. 2).

p ¤ (x, x ) =
1

4 p

@2

@xi @x j

ZZZ

"

e ¡ ik R

R
( q ui u j )

¤ dV ( y) (7)

where R = j x ¡ y j . Integration must be performed on a volume "
containing all of the quadrupoles.

D. Curle’s Solution
Curle17 showed that a quadrupolevolume integrationover a given

volume V is identical to a dipole integration over the surface S
bounding volume V . With this assumption he developed an ex-
tension of the Lighthill solution (7) to � ows including stationary
bodies:
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where the volume integrationis performedona volume " containing
all of the quadrupoles and the surface integration is performed on
any solid surface r embedded in the volume " , exerting forces per
unit area fi on the � uid.

By using the classicalpropertiesof functionsof the retarded time
(t ¡ R /c), the derivatives with respect to observation coordinates
xi are easily replaced by derivatives with respect to time. In the
frequency domain Eq. (8) has the convenient form
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R
k

³
1 + 0

³
1

k R

´´
f ¤
i dS( y) (9)

where Ri =xi ¡ yi . In the far-� eld con� guration corresponding to
the spectra on Fig. 10 (M =0.2, R / H =480), the terms between
bracketsare close to unity(k R ¼ 30at thevortexsheddingfrequency
f =0.05).

Figure 11 presents the noise spectrum computed from LES data
using Curle’s formulation (9). In this presentation the quadrupolar
and dipolar contributions to the total radiated noise are compared.
The noise is mostly generated by pressure � uctuations, con� rming
that quadrupoles in free � eld are inef� cient noise radiators. The
same plot displays the normalized spectrum of Fig. 10 correspond-
ing to the blunt trailing edge. This comparison suggests that, in
the frequencydomain of the vortex-sheddingmechanism,predicted
levels are consistent.This experimental spectrum is plotted only in
the frequencydomain in which the noise is generatedby the vortex-
shedding mechanism. Outside this frequency domain, the noise is
caused by the acoustic diffraction of the TBL on the trailing edge,
without regard to the trailing-edgebluntness.

E. Ffowcs Williams and Hall’s Theory
The preceding result using Curle’s formulation is mostly gov-

erned by the � ow-induced or hydrodynamic wall-pressure � uctua-
tions localizedon a very narrow strip along the trailing edge. In that
context the upstreamgeometry of a (virtual) airfoil is absent, and the
possible acoustic re� ections on the airfoil walls are not taken into
account.The theorydevelopedbyFfowcsWilliamsandHall18 offers
an interesting alternative to this. These authors developed a formu-
lationof the noise generatedby the acoustic scatteringof turbulence
passingover the edgeof an in� nite half-plane.Basically, this formu-
lation is a solution of Lighthill’s equation (6) involving the acoustic
Green’s function G(x j y, x ) of the speci� c geometry under consid-
eration. This function is the solution of ( D + k2)G = ¡ 4p d (x ¡ y)
whose normal derivativevanishes on the solid walls. By using such
a Green’s function, the radiated sound becomes

p ¤ (x, x ) =
1

4 p

ZZZ

"

( q u i u j )
¤ @2G

@yi @y j
dV ( y) (10)



MANOHA, TROFF, AND SAGAUT 581

Fig. 11 Noise spectra computed from LES data using Curle’s com-
putation (comparison of quadrupolar and dipolar terms). Comparison
with measured spectra (from Ref. 2).

The observation point x(r, h , z) and the source point y(r0, h 0 , z0)
are now de� ned in cylindrical coordinates,with the cylindricalaxis
parallel to the plane edge. A far-� eld (r À r0 ) approximation of
G(x j y, x ) for an in� nite half-plane was given by Macdonald,30

using Fresnel’s function

F (x) =
e ¡ i p / 4

p
p

Z x

¡ 1
eiu2

du

G(x j y, x ) =
e ¡ ik R

R
F(a) +

e ¡ ik R 0

R 0 F(a 0 ) (11)

where R = j x ¡ y j and R 0 = j x ¡ y0 j . y0 (r0, ¡ h 0 , z0) is the mir-
ror point of y through the extended half-plane and a, a 0 =p

(2kr0 sin u ) cos[( h § h 0) /2]. For quadrupoles that are well within
a wavelength of the edge or that satisfy the condition 2kr0 ¿ 1,
Fresnel’s function simpli� es into

F(x) = 1
2

+ (e ¡ i p / 4 /
p

p )[x + O(x3)]

The resulting simpli� ed expression for G(x j y, x ) is introduced in
an expansion of ( q u i u j ) ¤ (@2G / @yi @y j ) in cylindrical coordinates
to provide the following expression of the radiated noise:

p ¤ (x, x ) =
q k2e ¡ i p /4

2 p
3
2

cos

³
h

2

´Z p
sin u

e ¡ ik R

R
(2kr0) ¡ 3

2

£
»h¡

u2
h

¢ ¤ ¡
¡
u2

r

¢ ¤
i

cos

³
h 0

2

´
+ 2(ur u h ) ¤ sin

³
h 0

2

¼́
dV ( y)

(12)

In this volume calculation the contribution of each quadrupole
is affected by the (2kr0) ¡ 3/ 2 term, where r0 is the distance of the
quadrupolefrom the trailingedge.Consequently,the most important
contributionto the radiated noise comes from the quadrupolesclos-
est to the trailingedge.Quadrupolesinvolvingthe spanwisevelocity
component uz do not appear in Eq. (12) because their contribution
to the radiated noise is of a smaller order of magnitude.

The application of this theory to the case of a thick plate is not
straightforward, as modeling of the plate by a zero-thickness half-
plane raises several questions. Acoustically speaking, the question
of the plate thickness assumes rather different aspects, depending
on whether wave scattering or wave generation is concerned. In the
� rst case the scatteringof incoming acousticwaves is obviouslynot
affected by the edge geometry insofar as its thickness is negligible
compared to the acoustic wavelength. Noise generation caused by
turbulence interacting with geometrical singularities is a different
problem. It is known (see, for example,Crighton’s review31 ) that for
an airfoil with a given chord (much larger than the wavelength) and
wedge angle the radiated noise does not depend on the geometric
details (much smaller than the wavelength) of the trailing edge. A
dimensional analysis shows that turbulence passing at a distance
r0 from the edge of a wedge with an angle p / n generates sound
proportional to (kr0)n ¡ 2 (with the half-plane case corresponding
to n = 1

2
), the main governing parameter being the wedge angle

without regard to the small details of the trailing-edge geometry.
However, this is certainly not the case if the aerodynamic unsteady
near � eld is governed by the small-scale geometry of the trailing
edge. To illustrate this, Fig. 12 provides a localization of the main
quadrupole sources (u2

x ) ¤ obtained by LES in an xz plane at the
vortex-sheddingfrequency,revealing that the strongestquadrupoles
are locatedjustdownstreamof the two cornersof the thickplate.This
shows that the near-� eld source distributionis strongly related to the
local geometry of the trailingedge and suggests that, conversely,the
location of wall singularities can affect the acoustic diffraction of
local quadrupoles.

This was numerically checked by modeling the thick plate by a
horizontal zero-thickness in� nite half-plane with the edge located
at x / H =0 and z / H =0 and applying formulation (12) to the LES
data. As expected,the resultingnoise spectrumis in poor agreement
with measurements (see Fig. 13), with low power in the vortex-
shedding frequency band. In addition, the particular source distri-
bution presented in Fig. 12 gave the idea of separately simulating
the quadrupolaracousticdiffractionoccurringon each corner of the
plate. This was achieved by modeling the thick plate by a single
horizontal zero-thickness half-plane with its edge located either at
the upper corner of the plate (x / H =0 and z / H =0.5) or the lower
corner of the plate (x / H =0 and z / H = ¡ 0.5). As can be seen
in Fig. 13, this method produces better qualitative and quantitative
results, with noise spectra relatively close to the results obtained
from Curle’s formulation. This fairly good agreement with mea-
surements and with Curle’s theory may strengthen the hypothesis
that the trailing edge of a thick plate acts as a double-singularity

Fig.12 Isocontours in the xz planeof (u2
x )¤ taken at the vortex-shedding

frequency (averaged in the y spanwise direction).
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Fig.13 Noise spectra computedfrom LES data usingFfowcsWilliams–

Hall’s formulation and simulating the thick plate by a single half-plane
located at z/H = 0, ++ 0:5, and ¡ 0:5. Comparison with measured spec-
trum (from Ref. 2).

system involving two separate turbulence scattering mechanisms
occurring on each corner of the plate.

This result obviouslyrelies on the strong assumptionsunderlying
the model of a thick plate by a zero-thicknesssurface.However, this
approachis interestingbecauseitprovidesan estimateof the radiated
noise,which takes into account the acousticdiffractionby a (simpli-
� ed) airfoil. This approach also offers the opportunity to compare
two different formulations deriving from Lighthill’s analogy.

V. Conclusions
In this work the LES of trailing-edge � ow is performed with the

speci� c purpose of an application to the computation of radiated
noise using Lighthill’s acoustic analogy. The aerodynamic results
clearly demonstrate the strongly three-dimensionalcharacter of the
� ow, with the onset of a vortex-sheddingmechanism occurring at a
frequency in agreementwith theoreticaland experimentaldata.The
pressure � eld generated on the trailing-edge walls is analyzed in
detail. Its amplitude, frequency, and streamwise evolution compare
favorablywith datameasurednear the trailingedgeof an airfoil.LES
data are used to compute the radiatedacoustic� eld usingCurle’s so-
lution of Lighthill’s equation. Despite the signi� cant difference be-
tween the experimentaland numericalReynoldsnumbers, this noise
prediction compares favorably with measurements of the noise ra-
diated by an airfoil with a blunt trailing edge in a quiet � ow facility.
Finally, the theorydevelopedbyFfowcsWilliamsandHall is consid-
ered. This formulation expresses the noise generated by turbulence
passing over the edge of an in� nite half-plane. The application of
this theory to a thick trailing edge is admittedly controversial, but
followinga close examinationof the quadrupolesource distribution
around the trailing edge, interesting results were obtained by sepa-
rately simulating the quadrupolar acoustic diffraction occurring on
each corner of the plate.

Several aspects of this study suggest further work.
As far as LES is concerned,there is alreadya demand for comput-

ing unsteady� ows around more complex geometries. In the context
of acoustic applications, this will probably be made possible only
with the development of new techniques that integrate time � lter-
ing such as the very large eddy simulation. Even with less com-

plicated � ows like the present one, the need for better insight into
the three-dimensional effects and more realistic comparisons with
experiments will justify the spanwise extension of the computa-
tion domain and computations at higher Reynolds numbers. This
supposes an increase in the number of mesh points, with the ensu-
ing hardware and algorithm dif� culties. Another topic of research
addresses the generation of realistic LES in� ow conditions, which
were steady in the presentwork, making the broadbandnoise result-
ing from TBL acoustic diffraction impossible to predict. Promising
techniques include previous LES or unsteady RANS computations
or new approachesconsistingof simulating the velocity � uctuations
by a linear stochastic estimation procedure.

Concerning the acoustic prediction methods used or discussed
in this paper, it is still uncertain whether they are able to integrate
correctly the effects of acoustic re� ections on the solid surface of an
actual airfoil or wing. Curle’s formulation involves only the solid
surfaces where hydrodynamicpressure � uctuations are known, and
Ffowcs Williams–Hall’s formulationsimulates it by an in� nite half-
plane.This dif� cultycouldbe resolvedin the near futureby coupling
Lighthill’s classical formulation with a numerical acoustic Green’s
functioncomputedusing the boundaryelement method to discretize
the exact geometries. Feasability studies are already being under-
taken in this direction. Moreover, the noise predictions used herein
do not take into account the convection effect that affects experi-
mental data. Finally, another � eld of promising methods in CAA
is based on the coupling of a compressible Navier–Stokes solver
and Kirchhoff surface techniquesor an Euler’s linearized equations
solver.
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